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We consider classical models of the kicked rotor type, with piecewise linear kicking potentials
designed so that momentum changes only by multiples of a given constant. Their dynamics display
quasi-localization of momentum, or quadratic growth of energy, depending on the arithmetic nature
of the constant. Such purely classical features mimic paradigmatic features of the quantum kicked
rotor, notably dynamical localization in momentum, or quantum resonances. We present a heuristic
explanation, based on a classical phase space generalization of a well known argument, that maps the
quantum kicked rotor on a tight-binding model with disorder. Such results suggest reconsideration
of generally accepted views, that dynamical localization and quantum resonances are a pure result
of quantum coherence.
PACS numbers: 05.45.Mt,72.15.Rn
Dynamical localization in the quantum kicked rotor
(QKR) is a prototypical example of how quantization
can drastically modify the qualitative features of classi-
cal chaotic motion[1–3]. It is assimilated to the Ander-
son localization in disordered solids[3, 4], and, like the
latter, it is considered to be an effect of quantum in-
terference. Dynamical localization is also expected with
kicked particles moving in a line. Experimental obser-
vations on kicked cold atoms[5] support such expecta-
tions, which are all the more natural, because quantum
kicked rotors and quantum kicked particles are closely
connected by Bloch theory [6]: spatial periodicity en-
forces conservation of quasi-momentum, and the dynam-
ics at fixed quasi momentum are those of a generalized
QKR[7]. Thus a crucial difference between the quantum
and the classical dynamics of kicked particles is immedi-
ately apparent: notably, the former have a constant of
the motion, while the latter have none. In this paper
we submit that exactly this difference plays a major role
in the dynamical localization effect. We base on numer-
ical results on a family of classical dynamical systems,
which are subject to a purely classical conservation law
for quasi-momentum. These are models of the kicked
rotor (KR) type, where the kicking potentials is a piece-
wise, continuous, 2pi-periodic, function so that kicks can
change momentum only by integer multiples of a constant
η > 0. They will be termed Generalized Triangle Maps
(GTM) because they include as a particular example the
Triangle map[13, 14], that despite its formal simplicity
still challenges exact analysis.
In this connection we’d like to recall a seminal paper[8]
in which the question was raised, whether the quantum
inhibition of classical chaotic effects could be somehow
explained by a ”discreteness of quantum phase space”.
Following this idea, the classical kicked rotor was arti-
ficially discretized, and a limitation of the chaotic dif-
fusion was observed. Classical maps of the same kind
have later been derived in a different way in ref.[9], and
named ’classical models of quantum stochasticity’. These
ad hoc discretized models have been confirmed to repro-
duce some quantum effects, like resonances, and limita-
tions of chaotic diffusion.
Here we provide empirical and analytical evidence that
purely classical models described by GTMs, indeed of-
fer an intriguing imitation of the QKR. Our numeri-
cal results show that for strongly irrational η/(2pi), the
KR diffusion is replaced by localization, or by “quasi-
localization”, i.e. very slow (power-logarithmic) trans-
port in momentum space. If averaged over quasi-
momenta, the quasi-localized momentum distributions
display a clean exponential shape. For rational η/(2pi),
and quasi-momentum commensurate to 2pi, quadratic
growth of energy is observed, similar to the QKR
resonances[7].
“Quasi”-localization, instead of strict localization as in
QKR, is likely to be due to absence of interference in
GTM. Each kick changes the QKR state to a new state,
where jumps by different multiples of ~ are coherently su-
perposed and interfere in ways that have no counterpart
in GTM. Thus, in spite of general parallelism, differences
still exist between the GTM and the QKR dynamics,
that reflect the fundamental difference of classical and
quantum mechanics. That such differences leave room
for classical lookalikes of dynamical localization and res-
onances suggests re-assessment of commonplace views,
that the latter effects are pure manifestations of quan-
tum coherence.
Proper explanation of such numerical results demands
a purely classical analysis of the GTM. An exact argu-
ment to be reviewed later shows that GTM resonances
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FIG. 1: The periodic potential V (θ) (red full line) is linear
in between any two subsequent points θn where µ sin(θn)/η
takes integer values (only those in [0, pi/2] are shown). Its
piecewise constant slope is V ′(θ) = j(θ)η where j(θ) is the
integer that rounds µ sin(θ)/η toward 0; here µ = 3, η = 1.2.
In the limit of vanishing η, V (θ) converges to the standard
kicked rotor potential (dashed curve).
have exactly the same origin as the QKR resonances,
notably, conservation of quasi-momentum, together with
translation invariance (in momentum space). For quasi-
localization, we instead present an heuristic argument
that, somewhat paradoxically, is of a quantum origin.
It is based on a construction due to Fishman, Grem-
pel, and Prange (FGP)[3, 4, 11] that maps the QKR
on a 1D tight-binding model with pseudo-random dis-
order. We first reformulate that mapping in the Weyl
phase space representation of quantum mechanics. The
QKR is thereby turned into a 2D tight-binding model
with short-range hopping amplitudes and on-site poten-
tials that are periodic at resonances and pseudorandom
for sufficient incommensuration; in the latter case, ex-
ponential localization is inferred. The two directions in
the lattice respectively correspond to momentum and to
the harmonics of position. Next we note that, thanks to
the special features of GTM, the very same construction
can be used to map the unitary Perron-Frobenius (P-F)
operator of GTM on a 2D lattice model. Pseudorandom-
ness is the same as for the QKR and couplings are still
short-range in the direction of momentum; however, in
the other direction they are now long-range. The same
line of reasoning that so successfully works in the QKR
case, now leads to predict localization in momentum, and
de-localization in the harmonics of position.
The GTMs we consider in this paper are strictly clas-
sical maps of the form
pt+1 = pt + V
′(θt) , θt+1 = θt + pt+1 , (1)
where V (θ) is a continuous, 2pi-periodic, piecewise linear
potential, such that the possible values of V ′(θ) (”chan-
nels”) are a finite set of multiples of a constant η > 0,
and V (θ + pi) = −V (θ). In this paper we choose V (θ)
as illustrated in fig (1). The map may also be read as
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FIG. 2: 〈p2〉 of GTM averaged over an ensemble of 106 initial
points with θ0 randomly distributed in (0, 2pi), versus time t
(upper plot) and versus log(t)2 (lower plot). Here η = pi/gm
(gm : the Golden Mean), µ = 3, and p0 = η/2, η/
√
2, pi/
√
3.
Blue lines represent averages over 5×106 initial points (θ0, p0)
randomly distributed in (0, 2pi)×(−η/2, η/2). All curves were
averaged over 100 iterations.
a dynamical system in the 2-torus. Except for the fact
that they are not chaotic, very little is known about such
toral maps, even in the case when V ′(θ) only takes two
values[12][14]. In that case, the map is similar to a ”tri-
angle map” that describes the motion of a point mass in
a right-triangular billiard. Ergodicity of such billiards is
a long standing issue, and in a recent paper[10] contrary
indications in that respect have been surmised, based on
observation of a phenomenon there dubbed ”exponential
localization of invariant measures”. It is easily proven
that strict localization of map (1) would forbid ergod-
icity of the corresponding toral map. A typical phase
portrait of a toral map (1) is shown in the supplemental
material.
At all times t, pt = β + ntη, with nt integer and where
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FIG. 3: Same as Fig.2 (lower) but with µ = 4
the quantity β ≡ mod(p, η) is invariant under the map.
The dynamics are thus described by the map
nt+1 = nt + V
′(θt)/η , θt+1 = θt + β +nt+1η . (2)
In our numerical investigation we have used GTMs with
3, 5, 7 channels. Results are shown in Figs.2,3 and cru-
cially depend on the arithmetics of the triple η, β, pi.
With η strongly incommensurate to pi, and β a low-order
rational multiple of η, the average energy of ensembles
with randomly generated θ0 undergoes strict localiza-
tion (lowest curves). For β incommensurate to η, we
observe quasi-localization, i.e. slow, somewhat erratic
growth of energy not faster than power-logarithmic, with
an exponent that appears to depend on the number of
channels. Additionally averaging over quasi-momentum
yields clean indications in this sense (full lines). The β-
averaged, quasi-localized momentum distributions show
a remarkably clean exponential decay away from a central
tiny peak (Fig.4). The time scale for the onset of such
exponential distributions rapidly increases on decreasing
η, as the initial spreading in momentum approaches the
classical diffusion of the kicked rotor. At small η nu-
merical analysis of the quasi-localized regime becomes a
prohibitive computational task. When β, η and pi are
mutually commensurate, ballistic momentum growth is
observed, at least for sufficiently large values of µ/η. If η
is identified with an effective Planck constant, this behav-
ior reproduces the quantum resonances of the generalized
QKR[7] (except for the fact that the latter do not depend
on the kicking strength). This is explained as follows[9].
Let β and η be commensurate: βs = ηr ≡ rsλ, with
r, s coprime integers. Then, at all times t, pt = Ntλ and
θt = θ0 +Mtλ with Nt,Mt integers. Replacing in (2) a
map is obtained for the integers Nt and Mt:
Nt+1 = Nt + Φ(Mt) , Mt+1 = Mt + Nt+1 , (3)
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FIG. 4: Momentum distributions for ensembles of 5 ×
106 initial points (θ0, p0) randomly distributed in (0, 2pi) ×
(−η/2, η/2), µ = 4, and η/pi = gm. The curves are averaged
over the last 100 kicks.
where, for fixed θ0, Φ(Mt) ≡ λ−1V ′(θ0+Mtλ) is an inte-
ger valued quasi-periodic function, with a finite number
of values. If in addition η (and hence λ) is commensu-
rate to 2pi, λ = 2pip/q with p, q coprime integers, then Φ
is periodic, and map (3) commutes with translations of
both variables by multiples of q. Therefore it defines a
map M of the discrete 2-torus Tq × Tq in itself, where
Tq is the set of congruence classes mod(q). As M is bi-
jective in a finite set, all its trajectories are periodic; so,
for all choices of θ0 and p0 which are consistent with the
given β, there are a period T and integers K,L so that
θmT = θ0+Kmqλ mod(2pi) and pmT = p0+Lmqλ for all
integer m. If the number of channels is sufficiently large,
some orbits have L > 0; along such orbits the momen-
tum pt increases, in the average, proportional to Lqλt/T .
Quadratic growth of the mean energy follows.
Next we show that a theoretical understanding about
the purely classical GTM can be obtained from quantum
localization theory. To this end we consider the P-F op-
erator UˆGTM for the GTM dynamics. For given β, the
phase space of map (2) is Ω = T× Z and UˆGTM unitarily
acts on square-summable functions Ψ ∈ L2(Ω) so that
UˆGTMΨ(θt, nt) = Ψ(θt−1, nt−1). To the unitary operator
UˆGTM we will associate a 2D lattice problem, implement-
ing the FGP construction that was used[4] to map the
quantum kicked rotor on a 1D lattice problem. Here we
outline this calculation, leaving details for the supple-
mental material. We first derive a phase-space version
of the FGP construction and to this end we exploit the
Weyl correspondence W, that maps Hilbert-Schmidt op-
erators Aˆ (e.g., states) in the Hilbert space of the QKR
to square-summable function Ψ = W(Aˆ) on Ω, according
4to:
Ψ(θ, n) = 1√
2pi
∑
l∈Z
〈el|Aˆ|en−l〉 e2l−n(θ) (4)
=
∫ 2pi
0
dθ′〈θ′|Aˆ|2θ − θ′〉 en(θ − θ′) , (5)
where el(θ) = (2pi)
−1/2 exp(ilθ). As Aˆ evolves into Uˆ AˆUˆ †
where Uˆ is some unitary evolution operator, its Weyl rep-
resentative Ψ evolves into UˆΨ = W(UˆW−1(Ψ)Uˆ †) ..
This defines the unitary propagator Uˆ in L2(Ω) that
describes evolution in the Weyl representation. Let in
particular Uˆ be the Floquet operator UˆKR of the QKR
with quasi-momentum β: UˆKR = exp(−iVˆKR) exp(−iTˆ ),
where:
VKR = ~
−1µ cos(θ) , Tˆ = ~−1(−i~ ddθ + β)2/2 . (6)
A calculation based on (4) and (5), we find that:
UˆKR = exp(−iVˆKR) exp(−iTˆ ) , (7)
where:
Tˆ = −i(12~n + β
) d
dθ
, (8)
FVˆKRΨ(θ, ϕ) = −2µ~−1 sin(θ) sin(ϕ) FΨ(θ, ϕ) . (9)
where F denotes the Fourier transform : FΨ(θ, ϕ) ≡∑
nΨ(θ, n)en(ϕ). At this point we come to the FGP
construction . In its original version[3, 4], it maps the
QKR eigenvalue equation UˆKRψ = e
iωψ on a 1D tight-
binding problem. The equation is indeed equivalent to
(Wˆ + Zˆ)φ = 0, where Wˆ and Zˆ are inverse Cayley trans-
forms of exp(−iVˆKR) and exp[−i(Tˆ+ω)] respectively, and
φ = (i + Zˆ)−1ψ. Now exp(−i(Tˆ + ω)) (hence Zˆ) has a
pure point spectrum, exp(−iVˆKR) (hence Wˆ ) is invariant
under translations over the eigenbasis of Tˆ , and if µ < pi
then W is bounded so, written in that basis, (Wˆ + Zˆ)
looks like a lattice Hamiltonian, where the eigenvalues
of Zˆ play the role of on-site potentials, and Wˆ describes
hopping between sites. This construction works unal-
tered if UˆKR is replaced by any operator (in an arbitrary
Hilbert space), that comes in the form of a product of two
unitary operators with the above properties. For µ < pi/2
this is the case with UˆKR thanks to (7),(8),(9), and FGP
immediately yields the following 2D lattice equation:
∑
n′,k′∈Z
Wn−n′,k−k′Φn′k′ + Znk(ω)Φnk = 0 , (10)
where Znk(ω) ≡ tan(χnk(ω)), χnk(ω) = [ω −
(n~/2 + β)k]/2. For µ < pi~/2 the couplings Wn,k
are the Fourier coefficients of the analytic function
tan(µ~−1 sin(θ) sin(ϕ)) so they decay exponentially fast,
and ( 10) is formally similar to an eigenvalue equation
for a 2D tight-binding model with short range hopping.
When ~ is strongly incommensurate to 2pi, the potential
is pseudorandom, and exponential localization follows.
At resonances ~ and β are commensurate to 2pi, so the
potential is periodic, enforcing extended eigenfunctions,
and ballistic propagation .
This construction is not applicable as it is when µ >
pi~/2, because then tan(µ~−1 sin(θ) sin(ϕ)) has non-
integrable singularities. This difficulty is circumvented
by an improved method[11]. For the Weyl representa-
tion of QKR, this method replaces (10) by:
∑
n′,k′
|W˜n−n′,k−k′ | sin(χn′k′(ω) + φn−n′,k−k′ )Φ˜n′k′ = 0 ,
(11)
where W˜n,k are the Fourier coefficients of e
−iVKR(θ,ϕ)/2,
and φn,k are their phases [15] In this formulation, disor-
der also appears in couplings, which still decay exponen-
tially fast.
We’ve thus rephrased the FGP construction for the QKR
in the phase-space representation. This was possible,
thanks to a special structure of the Weyl propagator of
the QKR, as a unitary operator in L2(Ω). Now we’ll
show that the same is true with the completely classical
P-F operator of GTMs. To see this, just replace ~ by
η throughout, and let the prefactor of FΨ on the rhs of
(9) be replaced by 2ϕV ′(θ)/η. Then, instead of VˆKR, (9)
defines a new operator VˆGTM, and it is easily seen that:
e−iVˆGTMΨ(θ, n) = Ψ( θ, n− 2V ′(θ)/η ) . (12)
Using (7) and (8), the full propagator UˆKR is replaced by:
UˆGTMΨ(θ, n) = Ψ(θ′, n′) ,
θ′ = θ − ηn/2− β, n′ = n− 2V ′(θ′)/η , (13)
Restricting to even values n, and rescaling n by 1/2, the
map in (13) is the inverse of the reduced GTM map (2),
so UˆGTM is the P-F operator for the dynamical system
(2). This opens the way to mapping on a 2D lattice
model. VˆKR has to be replaced by VˆGTM, so the improved
formulation (11) is necessary, because tan(ϕV ′(θ)/η) has
non-integrable singularities.“Disorder” is the same, but
couplings are different:
W˜n−n′,k−k′ = 12pi
∫
I
n−n
′
dθ e−i(k−k
′)θ ,
where In is the interval wherein 2V
′(θ) = nη. In the n-
direction (momentum) such couplings vanish whenever
|n−n′|η is larger than the maximum of |V ′(θ)|. In the k-
direction (harmonics of position) they slowly decay pro-
portional to |k−k′|−1 due to discontinuities of V ′(θ). On
such grounds, whenever η is incommensurate to pi we are
led to expect (i) localization in momentum, and (ii) de-
localization over the harmonics of position. We consider
(i) to be consistent with numerical results, because the
argument is too crude to discriminate quasi-localization
from strict localization; inferring the power-logarithmic
5spreading from the 2D lattice dynamics is a nontrivial
interesting problem. At variance with QKR, (ii) implies
a continuous GTM spectrum in all cases. In order to
check (ii), we have numerically computed the P-F evolu-
tion of a given function of n and θ. Fourier expansion at
each time t yields amplitudes fnk(t) at the sites in the
2D lattice. Our numerical results show that the distri-
bution P (k, t) ≡ ∑n |fnk(t)|2 rapidly spreads over the
whole available Fourier basis.
Our present evidence of GTM quasi-localization and res-
onances is for cases when η/pi is either strongly irrational
(in fact, equivalent to the Golden Mean), or rational. A
better understanding of this intriguing dynamical behav-
ior will require analysis of how it depends on the degree
of irrationality of η/pi .
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